Response surface methodology (RSM) often deals with a natural and desirable property rotatability, which requires that, the variance of the predicted response at a point remains constant at all such points that are equidistant from the design center. To achieve stability in prediction variance, this important property of rotatability was developed. Analogous to rotatability, the concept of slope-rotatability has been progressed. The idea of slope -rotatability is an important design criterion for response surface design. Recently, in the design of experiments for response surface analysis, attention has been focused on the estimation of differences in response rather than absolute value of the response mean itself. The slope-rotatable design is that of which the variance of partial derivative is only a functions of ρ: distance from the design center. If circumstances are such that exact slope rotatability is unattainable because of more cost and Ednah et al.; JAMCS, 30(6): 1-12, 2019; Article no.JAMCS.45812 time, and more important restrictions such as orthogonal blocking it is still a good idea to make the design as slope rotatable as possible. Thus, it is important to measure the extent of deviation from slope rotatability. In this study, a new measure of the degree of slope-rotatability for three level second-order slope rotatable designs using a pair of a partially balanced incomplete block design is suggested that enables us to assess the degree of slope-rotatability for a given response surface design. This determines the degree slope rotatability for the design when subjected to existing conditions of measure. The measure takes the value zero when the design is exact slope-rotatable, and becomes larger as the design deviates from being slope-rotatable design.
Introduction
Response surface methodology (RSM) is used in a situation where the form of the relationship between the response and independent variables is unknown. Therefore, the first step in RSM is to find a suitable approximation for the true functional relationship between the response variable and the set of independent variables. The technique to be used is to fit a low order polynomial to the response and if it is inadequate, then we graduate it to higher order polynomial. If the response is well demonstrated by a linear function of the independent variables, then the approximating function is the first order model. We use a second-order model when the portion of the response surface that we are describing has curvature. Response surface methodology is a gathering of mathematical and statistical techniques that are suitable for the demonstrating and analysis of problems in which a response of interest is impacted by several variables and the objective is to optimize this reaction. The study of rotatable designs mainly emphasized the estimation of absolute responses. The property of rotatability as a desirable quality of an experimental design was first advanced by [1] . A design is assumed to be rotatable if the variance of the response estimate is a function only of the distance of the point from the design center. In many applications of Response Surface Methodology, noble estimation of the derivatives of the response function may be as significant as or possibly more significant than the estimation of mean response [2] . Certainly, the computation of a stationary point in a second-order analysis or the use of gradient methods, for example, steepest ascent or ridge analysis depends heavily on the partial derivatives of the estimated response function with respect to the design variables. Since designs that achieve certain properties in Y (estimated response) do not delight in the same properties for the estimated derivatives (slopes), it is vital for the user to ponder experimental designs that are constructed with the derivatives in mind. The study of slope rotatable designs is mainly stressed on the estimation of differences of yields and their precision. Estimation of variances in responses at two different points in the factor space will often be of great importance. If variances in responses at two points close together are of interest then estimation of local slope (rate of change) of the response is essential. Several studies have been done on this aspect pertaining to the development of experimental designs. [2] presented slope rotatability for central composite designs. For the central composite designs, they altered [1] rotatability to slope rotatability essentially by altering the axial point distance (a), so that the variance of the assessed unadulterated quadratic coefficients is one-fourth the variance of the assessed mixed second order coefficients. [3] examined in detail the conditions to be satisfied by a common second-order slope rotatable designs (SOSRD) and developed SOSRD using balanced incomplete block designs (BIBD). [3] constructed SOSRD through a pair of incomplete block designs. The slope-rotatable design is that of which the variance of partial derivative is only a functions of ρ: distance from the design center. If circumstances are such that exact slope rotatability is unattainable because of more cost and time, and more important restrictions such as orthogonal blocking it is still a good idea to make the design as slope rotatable as possible. Thus, it is important to measure the extent of deviation from slope rotatability. [4] , [5] proposed a measure of slope rotatability for second-order response experimental designs. [6] recommended a measure and graphical method for assessing slope rotatability in response surface designs. [7] examined a measure of SOSRD utilizing BIBD. [8] examined a measure of SOSRD utilizing pairwise balanced designs, [9] studied a measure of SOSRD utilizing symmetrical unequal block arrangements with two unequal block sizes. [10] examined the degree of SOSRD utilizing partially balanced incomplete block designs. [11] examined a measure of SOSRD utilizing a pair of balanced incomplete block design. These measures are valuable to empower us to survey the degree of slope rotatability for a given second-order response surface designs. In this study, we propose a method of construction of second-order slope rotatable designs using a pair of partially balanced incomplete block design and their measure which leads to designs with a lesser number of design points than what is available in the existing designs.
Conditions for second order slope rotatable designs
This section presents briefly the conditions for slope rotatability to be satisfied by a symmetric second-order response surface design by [2] and Victorbabu [12] . Suppose there are v factors denoted by (x1, x2, ..., xv) and the design point (xu1, xu2, ..., xuv), 1 ≤ u ≤ N yields a response yu on the study variable y. Assuming that the response surface is of second-order, we adopt the model A. Σxiu = 0, Σxiuxju = 0, Σx
(ii) Σx
where c, λ2, λ4 are constants and v denotes the number of factors. Using these symmetry conditions, we can obtained the following estimates of the parameters as [13] 
The variances and covariances of the evaluated parameters are [13] :
and other covariances are zero. A necessary condition for the existence of a second order design is λ4 λ
(non -singularity condition) From equation (1.1), we have:
For slope rotatability (1.5) has to be function of
. This leads to the condition that
Simplifying equation (1.6) becomes:
(slope rotatability condition)
Second Order Slope Rotatable Designs Using a Pair of PBIBDs
Let D1 =(v, b1, r1, k1, λ11 ̸ = 0, λ12=0 ) and D2= (v, b2, r2, k2 = 2, λ21 = 0, λ22 = 1) are two PBIBDs.
[a-(v, b1, r1, k1, λ11 ̸ = 0, λ12=0)] denote the design points generated from the transpose of the incidence matrix of the design D1.
[a−(v, b1, r1, k1, λ11, λ12 = 0)]2 t(k 1 ) are the 2 t(k 1 ) design points generated from D1 by multiplication (see [14] 
2 are the b22 2 design points generated from D2 by multiplication.The set of b22 2 design points was repeated m2 times. Let n0 be the number of central points.
Result:
The design points,
Conditions of measure of second order slope rotatable designs
Using the equation below
the variance of this derivative is written as
Following [2] , [3] , [5] , equations (2 − 3) give the necessary and sufficient conditions for a measure of slope rotatability for any general second order response surface designs. Further, from the above equation (2.2), it can be seen that the necessary and sufficient conditions are: [5] proposed that, if the following conditions below are met, that is i. All odd-order moments up-to order 4 are zero, 
where Qv(D) is the proposed measure of slope rotatability. Further [5] went ahead and simplified the above equation (2.3) to
Qv(D) becomes zero if and only if the necessary and sufficient conditions hold. If the measure is zero, the design is slope-rotatable. If it becomes larger, it deviates from being slope-rotatable.
Construction of Measure of Slope Rotatability of Three Level Second-order Response Surface Designs Using a Pair of PBIBDs
The proposed measure of slope rotatability of three level second-order response surface designs using a pair of PBIBDs is suggested in this section. Let D1 =(v, b1, r1, k1, λ11 ̸ = 0, λ12=0) and D2= (v, b2, r2, k2 = 2, λ21 = 0, λ22 = 1) are two PBIBDs. [a-(v, b1, r1, k1, λ11 ̸ = 0, λ12=0)] denote the design points generated from the transpose of the incidence matrix of the design D1.
are the 2 t(k 1 ) design points generated from D1 by multiplication (see [14] ). [a − (v, b2, r2, k2 = 2, λ21 = 0, λ22 = 1)]2 2 are the b22 2 design points generated from D2 by multiplication.The set of b22 2 design points was repeated m2 times. Let n0 be the number of central points.Then with the above design points, we can obtain measure of slope rotatability for second order slope rotatable designs as given in the theorem below.
Result:
give a vdimensional measure of slope rotatability of three level second order response surface designs using a pair of PBIBDs in N = b12 t(k 1 ) +m2b22 2 + n0 design points with 'c ′ pre-fixed, n0 chosen and the design levels,suitably such that the design points satisfy the conditions of SOSRD that is
Proof
For the design points generated from a pair of PBIBDs, conditions (A) to (C) are true. Conditions in (A) are true obviously. Conditions (B) to (C) of equation 1.2 are true as follows:
From equation (3.4) and (3.5), we get m2,
The value of a can be obtained from equation (3. 3) by taking the scaling condition,that is λ2 = 1.
Measure of slope rotatability of three level second order designs using a pair of PBIBDs can be obtained by solving the given simplified equation by [5] 
where
After simplification Qv(D) becomes:
where λ4,λ2, a,m2 and N are as shown below
The computation of measure of slope rotatability Qv(D) of three level second order response surface designs using various parametres of PBIBDs for varied values of c ranging from 3 to 16 and level a are tabulated below in the appendix.
Conclusions
In this study, a measure of slope rotatability for second-order response surface designs using a pair of PBIBDs is suggested which enables us to assess the degree of slope rotatability of a given three level second-order response surface design. It can be verified that measure of slope rotatability is zero if and only if a design D is a second order slope-rotatable design. Measure of slope rotatability becomes larger as D deviates from a second order slope rotatable design. The method can be used to compare the degree of slope rotatability of the same v. We may point out here that the measure of slope rotatability for second order response surface designs using a pair of PBIBDs with parameters D1 = (v = 16, b1 = 20, r1 = 5, k1 = 4, λ11 = 1, λ12 = 0), D2 = (v = 16, b2 = 8, r2 = 1, k2 = 2, λ21 = 0, λ22 = 1) has only 400 design points for 16− factors, whereas the corresponding measure of slope rotatability for second order response surface designs using a pair of BIBDs with parameters D1 = (v = 16, b1 = 16, r1 = 6, k1 = 6, λ1 = 2), D2 = (v = 16, b2 = 80, r2 = 15, k2 = 3, λ2 = 2) of [11] needs 1154 design points. Thus this new method leads to 16-factor measure of SOSRD with less number of design points than the existing measure of slope rotatable designs using a pair of BIBDs. When c = 5 the design is exact slope 
Appendices
D1 = (v = 9, b1 = 9, r1 = 3, k1 = 3, λ11 = 1, λ12 = 0), D2 = (v = 9, b2 = 9, r2 = 2, k2 = 2, λ21 = 0, λ22 = 1) c m1 a n0 N λ4 λ2 (λ2)D1 = (v = 12, b1 = 9, r1 = 3, k1 = 4, λ11 = 1, λ12 = 0), D2 = (v = 12, b2 = 12, r2 = 2, k2 = 2, λ21 = 0, λ22 = 1) c m1 a n0 N λ4 λ2 (λ2)D1 = (v = 14, b1 = 28, r1 = 6, k1 = 3, λ11 = 1, λ12 = 0), D2 = (v = 14, b2 = 7, r2 = 1, k2 = 2, λ21 = 0, λ22 = 1) c m1 a n0 N λ4 λ2 (λ2) 2 Qv(D)
